The quantum phase transitional behavior of the U(3) boson model is studied. Low-lying levels, overlaps of wavefunctions with those in the d-wave dominant and s-and d-wave mixed phases, as well as ground state occupation probabilities of s-and d-components are examined as functions of the control parameter and the number of particles. The results indicated that the sand d-wave component change in the wavefunction possibly is a first order quantum phase transition in the large N limit. 
There has been considerable growing interest in studying finite boson systems since condensates of trapped bosonic atoms were experimentally realizable. Most methods used up to now have been based on mean field theories, such as the Gross-Pitaevskii equation and the Bogoliubov theory which considers pair fluctuations on top of a Bose condensate. In order to verify whether such many-body approximations are reliable, exactly solvable models and results based on exact solutions are helpful. There are three of exactly solvable models used in the context of boson traps, the one-dimensional hard core boson model [1] , the harmonic interaction model [2] , and exactly solvable boson pairing model [3] . All these models studies go beyond mean field theories. The U(3) boson model studied in this Letter is the simplest case of those 0375 
Analytical solutions for the above two limits were given in [4] .
As is well known, quantum phase transitions that occur at zero temperature have become very important in connection with various quantum many-body systems, such as the quantum Ising and rotor models [5] , Fermi liquids [6] , and atomic nuclei [7] , etc. There are distinct features in each of these systems at the critical points. The main purpose of the present Letter is to study critical behavior in the U(3) boson model as a function of the control parameter and the total number of particles. In particular, we will show that the s-and d-components in the wavefunction change as a function of the control parameter and the total number of particles, and that there is a macroscopic quantum phase transitional signature that occurs at zero temperature.
As shown in [4] , one may consider a general Hamiltonian with all one-and two-body terms in s-and d-bosons constructed from the generators of U (3) . However, our analysis shows that the nature of the wavefunctions and other quantities are quite similar if only the main term in each of the limiting cases is considered in the Hamiltonian. Therefore, to simplify the problem, we will adopt the following schematic Hamiltonian,
is the control parameter, and f (N) is used to ensure the contribution from the second term is a linear function of the total number of bosons N = n s + n d . Obviously, the system is in the U(2) limit of the theory corresponding to the d-wave dominant phase I when x = 0, and in the SO(3) limit corresponding to the s-and d-wave equal mixing phase II when x = 1. When the control parameter is between these values, 0 < x < 1, the system is in the U(2) ↔ SO(3) transitional region.
To diagonalize the Hamiltonian (2), we expand eigenstates of (2) 
for fixed angular momentum L, where C ξ n d is an expansion coefficient and the quantum number ξ labels the ξ th level for the fixed angular momentum quantum number L.
To explore the transitional patterns of this Hamiltonian, sixteen low-lying levels of the system for x ∈ [0, 1] and f (N) = 2(N + 1) with N = 10, 40, 80, and 120, respectively, are plotted in Fig. 1 . The results show that there is a minimum in the excitation energies around x ∼ 0.3-0.4 which is characteristic of a critical region. It is also clear from Fig. 1 that the critical region is rather vaguely defined for small N , but becomes more sharply defined as the total number of bosons increases. Specifically, for all N and 0 x < 0.3 the sixteen states collapse to seven levels, while beyond the critical point (x c ∼ 0.35) the system is non-degenerate for relatively small values of N and then achieves a new and higher level of degeneracy as N increases. This suggests that there may be a novel symmetry at the critical point for large N . Although levels beyond the first sixteen are not shown in Fig. 1 , the energy level density in the critical region grows with increasing N .
In order to explore the exact nature of the critical behavior of the system, overlaps | x; N |x 0 ; N | of the ground states with f (N) = 2(N + 1) and x 0 = 0 or 1 for N = 10, 120, 300, and 600, respectively, were calculated. The results are shown in Fig. 2 , from which one can see that there is a crossing point with nonzero overlap amplitudes | x; N |x 0 = 0; N | and | x; N |x 0 = 1; N | when N is relatively small. For larger N values, this becomes a crossing region with near zero amplitudes. Also, the critical region grows wider with increasing N , and in the large N limit should be regarded as a two-phase coexistence region which is similar to the situation found in other finite boson systems [7, 8] with respect to this plot. In addition, for large N there is a sharp change in | x; N|x 0 = 0; N | around the critical point. From this, one can deduce that the largest absolute value of the derivative of | x; N |x 0 = 0; N | with respect to x to occur around the critical point x c in the large N limit, which, therefore, suggests a change in the system with increasing N , from a second order like quantum phase transition for small N to a first order quantum phase transition for large N .
To study changes in percentages of the s-and dwaves in the system, we calculated the ground state occupation probabilities of s-and d-bosons, ρ l = n l /N with l = s and l = d, as functions of the control parameter x for different numbers of bosons N . Fig. 3 shows the results for N = 10, 120, 300, and 600, respectively. It can be seen from Fig. 3 that curves of ρ s and ρ d are almost symmetric with respect to the equal occupation point, ρ = 0.5. Namely, ρ s and ρ d are almost equal to 0 and 1, respectively, for x x c , and they gradually tend toward equal occupation with ρ = 0.5 when x > x c . The position of the critical points is the same as that in the excited levels and the overlaps for the corresponding N shown in Figs. 1 and 2 , respectively. The results also confirm that the ground state of the system is in the d-wave dominant phase when x < x c , while decreases in the d-wave component is accompanied with a corresponding increasing of the s-wave component in the ground state when x surpasses the critical point value until ≈ 50% occupation occurs. With increasing total number of bosons N , In summary, quantum phase transition behavior in the U(3) boson model is studied, in which the U(2) [8] . However, this conclusion was based on the fact that the number of s-and d-bosons in the IBM is typically small. If one considers the same model with a relatively large number of bosons N , the situation changes substantially [9] . The present analysis shows that it may become a first order phase transition in the large N limit. The overlap of the ground state wavefunction | N ; x|N; x 0 = 0 | and the ground state occupation probabilities of sand d-bosons all reflect this change. This phenomenon should be common in other many-boson systems, such as the Bose-Hubbard model [10] , along the transitional legs of the IBM for atomic nuclei, [11] as well as the vibron model for diatomic molecules [12] . From early analysis, one understands that the IBM is expected to yield to its geometric counterpart, the BohrMottelson model as N tends to infinity. There should exists a special symmetry at the corresponding large N critical point limit. Along the O(6) ↔ U(5) transitional leg [13] of the IBM there should be a suitable Hamiltonian corresponding to the E(5) symmetry [14] in the large N limit exactly or approximately, which will be discussed in detail elsewhere. In analogy to the E(5) case, there should be an E(2) symmetry, which is not the Euclidean group, corresponding to the U(3) boson model at the critical point in the large N limit.
